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Abstract

GeneralizedMultitext Grammar(GMTG) is a syn-
chronousgrammarformalismthat is weaklyequiv-
alent to Linear Context-Free Rewriting Systems
(LCFRS),but retainsmuchof thenotationalandin-
tuitive simplicity of Context-FreeGrammar(CFG).
GMTG allows both synchronousand independent
rewriting. Such�e xibility facilitatesmoreperspic-
uousmodelingof paralleltext thanwhatis possible
with othersynchronousformalisms.This paperin-
vestigatesthegenerative capacityof GMTG,proves
that eachcomponentgrammarof a GMTG retains
its generative power, andproposesa generalization
of Chomsky Normal Form, which is necessaryfor
synchronousCKY-styleparsing.

1 Intr oduction

Synchronousgrammarshave been proposedfor
theformal descriptionof paralleltexts representing
translationsof the samedocument. As shown by
Melamed(2003),a plausiblemodelof paralleltext
mustbeableto expressdiscontinuousconstituents.
Sincelinguistic expressionscan vanishin transla-
tion, a good model must be able to expressinde-
pendent(in additionto synchronous)rewriting. In-
versionTransductionGrammar(ITG) (Wu, 1997)
and Syntax-DirectedTranslationSchema(SDTS)
(Aho and Ullman, 1969) lack both of theseprop-
erties. SynchronousTree Adjoining Grammar
(STAG) (Shieber, 1994)lacksthe latterandallows
only limited discontinuitiesin eachtree.

GeneralizedMultitext Grammar(GMTG) offers
a way to synchronizeMildly Context-Sensitive
Grammar(MCSG), while satisfying both of the
above criteria. The move to MCSG is motivated
by our desire to more perspicuouslyaccountfor
certainsyntacticphenomenathat cannotbe easily
capturedby context-free grammars,suchas clitic
climbing, extraposition,and other types of long-
distancemovement(Becker et al., 1991). On the
otherhand,MCSG still observessomerestrictions
thatmake thesetof languagesit generateslessex-

pensive to analyzethanthe languagesgeneratedby
(properly)context-sensitive formalisms.

More technically, our proposalstartsfrom Mul-
titext Grammar(MTG), a formalism for synchro-
nizing context-freegrammarsrecentlyproposedby
Melamed(2003). In MTG, synchronousrewriting
is implementedby meansof an indexing relation
thatis maintainedoveroccurrencesof nonterminals
in a sententialform, usingessentiallythesamema-
chineryasSDTS.Unlike SDTS,MTG canextend
the dimensionalityof the translationrelation be-
yondtwo, andit canimplementindependentrewrit-
ing by meansof partialdeletionof syntacticstruc-
tures. Our proposalgeneralizesMTG by moving
from componentgrammarsthat generatecontext-
freelanguagesto componentgrammarswhosegen-
erative power is equivalent to Linear Context-Free
Rewriting Systems(LCFRS),a formalism for de-
scribinga classof MCSGs. The generalizationis
achieved by allowing context-free productionsto
rewrite tuplesof strings,ratherthansinglestrings.
Thus,we retaintheintuitive top-down de�nition of
synchronousderivationoriginal in SDTSandMTG
but not found in LCFRS,while extendingthegen-
erative power to linear context-free rewriting lan-
guages. In this respect,GMTG hasalso beenin-
spiredby the classof Local UnorderedScattered
Context Grammars(Rambow andSatta,1999). A
syntacticallyvery differentsynchronousformalism
involving LCFRS has beenpresentedby Bertsch
andNederhof(2001).

Thispaperbeginswith aninformaldescriptionof
GMTG. It continueswith an investigationof this
formalism's generative capacity. Next, we prove
that in GMTG eachcomponentgrammarretainsits
generative power, a requirementfor synchronous
formalismsthat Rambow and Satta(1996) called
the “weak languagepreservation property.” Lastly,
weproposeasynchronousgeneralizationof Chom-
sky Normal Form, which lays the groundwork for
synchronousparsingunderGMTG using a CKY-
stylealgorithm(Younger, 1967;Melamed,2004).



2 Inf ormal Description and Comparisons

GMTG is a generalizationof MTG, which is itself
a generalizationof CFG to the synchronouscase.
HerewepresentMTG in anew notationthatshows
therelationto CFGmoreclearly. For example,the
following MTG productionscangeneratethemulti-
text [(I fedthecat), (ya kotakormil)]:1

�
(S)� (S)��� ���

PN� VP�
	�� � PN� VP��	
� (1)���
PN	�� � PN	
��� ���

I 	�� � ya	
� (2)���
VP	�� � VP	
��� ���

V � NP� 	�� � NP� V � 	
� (3)���
V 	�� � V 	
��� ���

fed	�� � kormil 	
� (4)���
NP	�� � NP	
��� ���

D � N � 	�� � N � 	
� (5)���
D 	�� � 	
��� ���

the	�� � 	
� (6)���
N 	�� � N 	
��� ���

cat	�� � kota	
� (7)

Each production in this example has two com-
ponents,the �rst modeling English and the sec-
ond(transliterated)Russian.Nonterminalswith the
sameindex mustberewrittentogether(synchronous
rewriting). One strengthof MTG, and thus also
GMTG, is shown in Productions(5) and(6). There
is a determinerin English, but not in Russian,so
Production(5) doesnot have the nonterminalD in
the Russiancomponentand(6) appliesonly to the
English component(independentrewriting). For-
malismsthatdonotallow independentrewriting re-
quire a corresponding� to appearin the second
componentontheright-handside(RHS)of Produc-
tion (5), andthis � would eventuallygeneratethe
emptystring. This approachhasthe disadvantage
that it introducesspuriousambiguityaboutthe po-
sition of the “empty” nonterminalwith respectto
the othernonterminalsin its component.Spurious
ambiguityleadsto wastedeffort duringparsing.

GMTG's implementationof independentrewrit-
ing throughtheemptytuple () servesa very differ-
ent function from the empty string. Considerthe
following GMTG:

����� 	�� ��� 	
��� ����� 	�� ��� 	
� (8)����� 	�� ��� 	
��� ����� � 	�� ��� � 	
� (9)����� 	�� � 	
��� ����� 	�� � 	
��� ����� 	�� � 	
��� ���� 	�� � 	
� (10)��� 	�� ��� 	
�!� ��� 	�� ��" 	
��� ��� 	�� ��# 	
��� ��� 	�� �%$ 	
� (11)

Production(8) assertsthat symbol
�

vanishesin
translation.Its applicationremovesbothof thenon-
terminalson the left-handside(LHS), pre-empting
any other production. In contrast,Production(9)

1We write production components both side by side and one
above another to save space, but each component is always in
parentheses.

explicitly relaxesthesynchronizationconstraint,so
that the two componentscanbe rewritten indepen-
dently. The othersix productionsmake assertions
aboutonly onecomponentandareagnosticabout
the other component. Incidentally, generatingthe
samelanguagewith only fully synchronizedpro-
ductionswould raisethe numberof requiredpro-
ductionsto 11, so independentrewriting alsohelps
to reducegrammarsize.

Independentrewriting is also useful for model-
ing paraphrasing.Take, for example,[(Tim got a
pink slip), (Tim got laid off )]. While the two sen-
tenceshave the samemeaning,the objectsof their
verbphrasesarestructuredverydifferently. GMTG
canexpresstheir relationshipsasfollows:

���
S	�� � S	
��� ���

NP� VP�
	�� � NP� VP�&	
� (12)���
VP	�� � VP 	
��� ���

V � NP� 	�� � V � PP� 	
� (13)���
NP	�� � PP	
��� ���

DT � A �'� N (
	�� � VB )*� R+
	
� (14)���
NP	�� � NP	
��� ���

Tim 	�� � Tim 	
� (15)�,�
V 	�� � V 	
��� ���

got	�� � got	
� (16)�,�
DT 	�� � 	
��� ���

a	�� � 	
� (17)���
A 	�� � 	
��� ���

pink	�� � 	
� (18)���
N 	�� � 	
��� ���

slip	�� � 	
� (19)�,� 	�� � VB 	
��� ��� 	�� � laid 	
� (20)��� 	�� � R 	
��� ��� 	�� � off 	
� (21)

As describedby Melamed(2003),MTG requires
productioncomponentsto becontiguous,exceptaf-
ter binarization. GMTG removes this restriction.
Take, for example,the sentencepair [(The doctor
treatshis teeth), (El médicole examinolosdientes)]
(DrasandBleam,2000). TheSpanishclitic le and
the NP los dientesshouldboth be pairedwith the
EnglishNP his teeth, giving riseto a discontinuous
constituentin the Spanishcomponent. A GMTG
fragmentfor thesentenceis shown below:

���
S	�� � S	
��� ���

NP� VP� 	�� � NP� VP� 	
����
VP	�� � VP 	
�!� ���

V � NP� 	�� � NP� V � NP� 	
����
NP	�� � NP	
�!� ���

Thedoctor	�� � El médico	
����
V 	�� � V 	
��� ���

treats	�� � examino	
����
NP	�� � NP� NP	
�!� ���

his teeth	�� � le � losdientes	
�
Note the discontinuitybetweenle and los dientes.
Suchdiscontinuitiesaremarkedby commasonboth
theLHS andtheRHSof therelevantcomponent.

GMTG's �e xibility allows it to dealwith many
complex syntactic phenomena. For example,
Becker et al. (1991)point out that TAG doesnot
have thegenerative capacityto modelcertainkinds
of scramblingin German,whenthe so-called“co-
occurrenceconstraint” is imposed, requiring the



derivational pairing betweenverbsand their com-
plements.They examinethe English/Germansen-
tencefragment[(... that thedetectivehaspromised
the client to indict the suspectof the crime), (...
daßdesVerbrechensder DetektivdenVerdächtigen
demKlientenzuüberf̈uhrenversprochenhat)]. The
verbs versprochen and überf̈uhren both have two
nounphrasesasarguments.In German,thesenoun
phrasescan appearto the left of the verbs in any
order. The following is a GMTG fragmentfor the
above sentencepair2:� �

S	�
S	�� � � �

N � ����� haspromisedN � 	�
 ����
����S( 	� �S( N �� �����S( N � ��
 ����
��S( versprochenhat	�� (22)� � �S	� �S� �S� �S	 � �
� �

to indict N �������� ��	�� N � 	���� �!� 	�
N � " ����# � N � " ���$� � zu überf̈uhren	 � (23)

The discontinuitiesallow the noun argumentsof
versprochento beplacedin any orderwith thenoun
argumentsof überf̈uhren. Rambow (1995)givesa
similaranalysis.

3 Formal De�nitions
Let %'& be a �nite setof nonterminalsymbolsand
let ( be the setof integers.3 We de�ne ) � % & 	+*,.-0/21$3 � -54 % & �76 4 (98 .4 Elementsof ) � % & 	
will be called indexed nonterminal symbols. In
what follows we alsoconsidera �nite setof termi-
nal symbols %;: , disjoint from % & , andwork with
stringsin %=<> , where% > *?) � % & 	�@A%;: . For B 4 %C<> ,
we de�ne D�EGFIHKJ � B 	L* , 6 �!BM*NBPO - /21$3 B'O O��QBPO%�RBPO O 4% <> � -S/�1$3T4 ) � % & 	U8 , i.e. thesetof indexesthatap-
pearin B .

An indexed tuple vector, or ITV, is a vectorof
tuplesof stringsover % > , having theformB * ��� B � � ��V�V�V �RB ��WYX 	���V�V�V � � B[Z � ��V�V�V��RB;Z W�\ 	
�
where �^]`_ , a�bc]ed and Bfbhg 4 % <> for _CikjAi � ,_Simlnioa�b . Wewrite B � j�� , _Siojpi � , to denotethej -th componentof B and q � B � j���	 to denotethearity
of sucha tuple, which is a.b . When q � B � j���	r*sd ,B � j�� is theemptytuple,written

� 	 . This shouldnot
be confusedwith

��� 	 , that is the tuple of arity one
containingtheemptystring.A link is anITV where

2These are only a small subset of the necessary productions.
The subscripts on the nonterminals indicate what terminals they
will eventually yield; the terminal productions have been left
out to save space.

3Any other infinite set of indexes would suit too.
4The parentheses around indexes distinguish them from

other uses of superscripts in formal language theory. However,
we shall omit the parentheses when the context is unambigu-
ous.

eachBfbtg consistsof oneindexednonterminalandall
of thesenonterminalsarecoindexed. As we shall
see,the notion of a link generalizesthe notion of
nonterminalin context-free grammars: eachpro-
ductionrewritesasinglelink.

De�nition 1 Let � ] _ be someinteger con-
stant. A generalizedmultitext grammar with �
dimensions( � -GMTG for short) is a tuple uv*� %'& �K% : ��w � � 	 where %'& , % : are�nite, disjointsets
of nonterminaland terminal symbols,respectively,�x4 % & is thestart symboland w is a �nite setof
productions.Each productionhastheform y � z ,
where y is a � -dimensionallink and z is a � -
dimensionalITV such that q � y � j���	{*|q � z � j���	 for_Si}jpi � . If y � j�� contains

�
, then q � y � j���	c*~_ .

We omit symbol � from � -GMTG whenever it is
not relevant. To simplify notation,we write pro-
ductions as ��* � � � ��V�V�V����PZ � , with each �'b�*��- b � ��V�V�V � - b W�� 	 � � y b � ��V�V�V �Uy b W�� 	 , - bhg 4 %'& . I.e.
we omit theuniqueindex appearingon theLHS of� . Each� b is calleda production component. The
productioncomponent

� 	 � � 	 is calledtheinactive
productioncomponent.All otherproductioncom-
ponentsare called active and we set �G���KD ��H � � 	�*, j ��a�bT��df8 . Inactive productioncomponentsare
usedto relaxsynchronousrewriting onsomedimen-
sions,thatis to implementrewriting on

 7� � com-
ponents.When

 *�_ , rewriting is licensedon one
component,independentlyof all theothers.

Two grammarparametersplay an importantrole
in this paper. Let ��* � � � ��V�V�V����PZ � 4 w and ��b�*��- b � ��V�V�V � - b W�� 	 � � y b � ��V�V�V �Uy b W�� 	 .
De�nition 2 The rank � of a production � is
the number of links on its RHS: � � � 	 *
� D2E�F�HKJ � y � ������� y ��W�X y � ������� y�Z W�\ 	&� . The rank of a
GMTG u is � � u 	c*��+��� ������� � � 	 .
De�nition 3 The fan-out of � b , � and u are, re-
spectively, q � � b 	�*|a b , q � � 	�* � Zb¢¡ � q � � b 	 andq � u 	Q*N�+��� �£���¤q � � 	 .
For example,therankof Production(23) is two and
its fan-outis four.

In GMTG, the derives relation is de�ned over
ITVs. GMTG derivation proceedsby synchronous
applicationof all the active componentsin some
production.Theindexednonterminalsto berewrit-
tensimultaneouslymustall have thesameindex 6 ,
andall nonterminalsindexedwith 6 in theITV must
berewritten simultaneously. Someadditionalnota-
tion will help us to de�ne rewriting precisely. A
reindexing is a one-to-onefunction on ( , and is
extendedto % > by letting

# ��� 	¥* �
for

�¦4 %§:



and
# ��-0/21$3 	�* -0/���/21$3$3

for
-0/�1$3N4 ) � % & 	 . We

also extend
#

to strings in % <> analogously. We
saythat y �Uy O 4 % <> areindependentif D�EGF�HKJ � y 	��D2E�F�HKJ � y�O,	c*�� .
De�nition 4 Let u * � % & �K%[: ��w � � 	 be a
� -GMTG and let � * � � � ��V�V�V
��� Z � with � 4 w
and �'b�* ��- b � ��V�V�V�� - b W�� 	 � � y�b � ��V�V�V �Uy�b W�� 	 . LetB and � betwo ITVswith B � j���* � B[b � ��V�V�V��RBfb W�� 	 and
� � j��T* � ��b � ��V�V�V
����b W�� 	 . Assumethat y is somecon-
catenationof all y�btg andthat B is someconcatena-
tion of all Bfbhg , _=iojAi � , _0i�l ika�b , andlet

#
be

somereindexing such that strings
# � y 	 and B are

independent.Thederivesrelation B	� � 
 � holds
whenever there existsan index 6 4 ( such that the
following twoconditionsaresatis�ed:

(i) for each j 4 �����KD ��H � � 	 wehaveBfb � ����� BIb W�� * BPOb�� - /21$3b � B'Ob � - /21$3b � ����� B'Ob W���
 � - /�1$3b W�� BPOb W��
such that 6��4 D2E�F�HKJ � B Ob�� BPOb � ����� B'Ob W�� 	 , and each

��bhg is obtainedfrom B[btg by replacingeach
- /21$3bhg��

with
# � y bhg�� 	 ;

(ii) for each j��4 �����UD ��H � � 	 wehave6��4 D�EGF�HKJ � BIb �p����� Bfb W�� 	 and B � j�� * � � j�� .
We generalizethe � � 


relationto � 

and �o<
 in

theusualway, to representderivations.
We can now introducethe notion of generated

language(or generatedrelation). A start link
of a � -GMTG is a � -dimensionallink whereat
least one componentis

��� / � 3 	 , �
the start sym-

bol, and the rest of the componentsare
� 	 . Thus,

there are � Z�� _ start links. The language
generatedby a � -GMTG u is � � u 	�* , B�� �B���� <
 B � � B�� astartlink � B � � j���* � 	 orB � � j���*��� b
	 with

� b 4 % <: ��_�i j�i � 8 . EachITV in
� � u 	 is calledamultitext . For every � -GMTG u ,
� � u 	 canbe partitionedinto � Z � _ subsets,each
containingmultitexts derived from a differentstart
link. Thesesubsetsare disjoint, sinceevery non-
emptytupleof a startlink is eventuallyrewrittenas
astring,eitheremptyor not.5

A start production is a productionwhoseLHS
is astartlink. A GMTG writer canchoosethecom-
binationsof componentsin which thegrammarcan
generate,by includingstartproductionswith thede-
siredcombinationsof activecomponents.If agram-
mar containsno start productionswith a certain
combinationof active components,thenthe corre-
spondingsubsetof � � u 	 will be empty. Allow-
ing a singleGMTG u to generatemultitexts with

5We are assuming that there are no useless nonterminals.

someempty tuplescorrespondsto modelingrela-
tions of differentdimensionalities.This capability
enablesa synchronousgrammarto govern lower-
dimensionalsublanguages/translations. For exam-
ple, an English/ItalianGMTG canincludeProduc-
tion (9), an English CFG, and an Italian CFG. A
single GMTG can then govern both translingual
andmonolingualinformationin applications.Fur-
thermore,this capability simpli�es the normaliza-
tion proceduredescribedin Section6. Otherwise,
thisprocedurewould requireexceptionsto bemade
wheneliminatingepsilonsfrom startproductions.

4 Generative Capacity
In this sectionwe comparethe generative capac-
ity of GMTG with that of mildly context-sensitive
grammars. We focus on LCFRS, using the no-
tational variant introducedby Rambow and Satta
(1999),brie�y summarizedbelow. Throughoutthis
section,strings

�v4 %=<: and vectorsof the form����� 	
� will be identi�ed. For lack of space,some
proofsareonly sketched,or entirely omittedwhen
relatively intuitive: Melamedet al. (2004)provide
moredetails.

Let %;: besometerminalalphabet.A function
$

hasrank  ¤]od if it is de�nedon
� % <: 	 � X"! � % <: 	 �$# !����� ! � %=<: 	 �&% , for integers

# bc]`_ , _Ci jAi' . Also,$
hasfan-out

# ] _ if its rangeis asubsetof
� %¤<: 	 � .

Let (*) , +'btg , _ i-,ki #
, _ i~j=i. and _ ixlmi# b , be string-valuedvariables.Function

$
is linear

regular if it is de�ned by anequationof theform
$ �0/ + � � ��V�V�V
�0+ � � X 1 ��V�V�V�� / +32 � ��V�V�V �0+ 2 �&% 1 	* / ( � ��V�V�V��0( � 1 (24)

where
/ ( � ��V�V�V
�0( � 1 representssomegroupinginto

#
stringsof all andonly thevariablesappearingin the
left-handside,possiblywith someadditionaltermi-
nalsymbols.(Symbols� , q and � 


areoverloaded
below.)

De�nition 5 A Linear Context-Free Rewrit-
ing System (LCFRS) is a quadrupleu * � % & �K%;: ��w � � 	 where % & , %;: and

�
are

as in GMTGs, every
- 4 % & is associated

with an integer q ��- 	|] _ with q ��� 	5* _ ,
and w is a �nite set of productionsof the form- � $ �54

� �
4
� ��V�V�V
� 476 /98K3 	 , where � �%$ 	 ] d ,- � 4 b 4 %'& , _+iNjTi � �%$ 	 andwhere

$
is a linear

regular function having rank � �%$ 	 and fan-outq ��- 	 , de�nedon
� %C<: 	$: /�; X 3 ! ����� ! � %=<: 	 : /�;3<�= >$?�3

.
For every

- 4 %P& and @ 4 � %=<: 	$: /9A 3
, wewrite- � 
 @ if

(i)
- � $ � 	 4 w and

$ � 	c*�@ ; or else



(ii)
- � $ �54

� ��V�V�V�� 4 6 / 8K3 	 4 w ,
4 b � 
 @�b 4

� %C<: 	$: /�; � 3 for every _ i j i � �%$ 	 , and$ � @ � ��V�V�V
��@ 6 /98K3 	 * @ .

Thelanguagegeneratedby u is de�ned as � � u 	Q*, � � � � 
 ��� 	�� � 4 %0<: 8 . Let � 4 w ,�~* - � $ �54
� �
4
� ��V�V�V
� 4 6 /98K3 	 . The rank of �

and u are,respectively, � � � 	=* � �%$ 	 and � � u 	�*�+���£�����=� � � 	 . Thefan-out of � and u are,respec-
tively, q � � 	c* q ��- 	 and q � u 	Q*N�+��� �£��� q � � 	 .

The proof of the following theoremis relatively
intuitive andthereforeomitted.

Theorem 1 For any LCFRS u , there exists some
1-GMTG u O with � � u9O,	N* � � u 	 and q � u O,	N*q � u 	 such that � � u O,	 * � � u 	 .

Next, we show that the generative capacityof
GMTG doesnot exceedthat of LCFRS. In order
to comparestring tupleswith barestrings,we in-
troducetwo specialfunctionsrangingover multi-
texts. Assumetwo fresh symbols

� ��� �4 � %': @% & 	 . For a multitext B we write ����F � B 	 *B'O , where BPO � j�� * � � 	 if B � j�� * � 	 andB'O � j�� * B � j�� otherwise, _vi jsi � . For
a multitext

�����
� 	��

���
� 	���V�V�V � ��� Z 	
� with no empty

tuple, we write ���	�GH � ����� � 	�� ��� � 	���V�V�V
� ��� Z 	
��	 *�
�
� �

�
� ����� � � Z . We extend both functionsto

setsof multitexts in the obvious way: ���
��H � � 	 *, ���
��H ��� 	 � �!4 ��8 and ����F � � 	Q* , ����F ��� 	 � ��4 �A8 .
In a � -GMTG, a productionwith

 
active com-

ponents, _�i  i � , is said to be
 
-active. A

� -GMTG whosestartproductionsareall � -active
is calledproperly synchronous.

Lemma 1 For anyproperlysynchronous� -GMTGu , there existssomeLCFRSu O with � � u9O,	p*N� � u 	
and q � u9O%	 *�q � u 	 such that � � u O,	c*
���
�GH � � � u 	 	 .
Outline of the proof. We set u O * � % O& �P%;: ��w O �� � ��	 , where% O& * , � � �Y6
� �'� 4 w �c6 4 D�EGF�HKJ � u 	U8�@, � � ��8 , D2E�F�HKJ � u 	 is the setof all indexesappearing
in the productionsof u , and wCO is constructedas
follows. Let � � �'O 4 w with �^* � � � ��V�V�V
��� Z � ,��O * � ��O � ��V�V�V
����OZ � , ��b * ��- b � ��V�V�V�� - b Z 	 �� y�b � ��V�V�V �Uy�b W�� 	 , and �'Ob * �54 b � ��V�V�V � 4 b Z 	 �� z b � ��V�V�V
�Yz b W �� 	 . Assumethat � canrewrite theright-
handsideof �PO , thatis
��� z � � ��V�V�V��Yz ��W � X 	���V�V�V � � z Z � ��V�V�V �Yz Z W �\ 	
�� � 
 ��� � � � ��V�V�V���� ��WYX 	���V�V�V � � ��Z � ��V�V�V
����Z W�\ 	
� V

Thentheremustbeat leastoneindex 6 suchthatfor
eachj 4 �����UD ��H � � 	 , � z�b � ��V�V�V
�Yz b W �� 	 containsexactlya�b occurrencesof 6 .

Let y � * y � ������� y ��WYX y � ������� y�Z W�\ . Also letD2E�F�HKJ � y � 	�* , 6 � ��V�V�V��Y6 6 / � 3 8 and let q � 6Rb�	 be the
numberof occurrencesof 6Yb appearingin y � . We
de�ne an alphabet

� �|* , +'bhg � _ i j i� � � 	���_xi l i q � 6�b
	U8 . For each j and l with_ i jei � , j 4 �����UD ��H � � 	 and _~i l i a�b ,
we de�ne a string , � � �Yj ��l 	 over

� �n@�%[: as fol-
lows. Let y bhgn* �

�
�
�!����� ��� , each

���M4 % > . Then
, � � �Yj ��l 	L* � O� � O� ����� � O� , where

� � O� * ���
in case

���C4 %;: ; and
� � O� * + 1�� � in case

���e4 ) � % & 	 , where 6 is
the index of

���
and the indicatedoccurrence

of
���

is the � -th occurrenceof suchsymbol
appearingfrom left to right in string y � .

Next, for every possible� , �PO , and 6 asabove,we
addto wSO a production� 1 * � � O �Y6 � � $ � � � �Y6 � ����V�V�V � � � �Y6 6 / � 3 ��	��
where
$ �0/ + � � ��V�V�V��0+ � : /21 X 3 1 ��V�V�V
� / + 6 / � 3 � ��V�V�V��0+ 6 / � 3 : /�1 <0= ��? 3 1 	* / , � � ��_*��_
	���V�V�V*��, � � � � ��aGZ 	 1

(each, � � �Yj ��l 	 above satis�es j 4 �G���KD ��H � � 	 ). Note
that

$
is a function with rank � � � 	 and fan-out� Zb¢¡ � a�b * q � � 	 . Thus we have � � � 1 	 * � � � 	

and q � � 1 	 * q � � 	 . Without loss of generality,
we assumethat u containsonly one production
with

�
appearingon the left-handside,having the

form � � * ����� 	���V�V�V
� ��� 	
� � ����- � 	���V�V�V � ��- � 	
� .
To complete the construction of wCO , we then
add a last production

� � � � $ � � � � ��_ ��	 where$ �0/ + � � �0+ �
� ��V�V�V �0+ � Z 1 	}* / + � �
� + �
�

� ����� � + � Z 1 .
Weclaimthat,for each� , � O and 6 asabove
����- �� � ��V�V�V�� - ���WYX 	���V�V�V
� ��- �Z � ��V�V�V�� - �Z W�\ 	
��}<
 �����

� � ��V�V�V�� � ��WYX 	���V�V�V
� ��� Z � ��V�V�V
� � Z W \ 	
�
if f

� �'O��Y6
��� 
 � /�� � � ��V�V�V
� � ��WYX � � � � ��V�V�V � � Z W�\ 1 . The
lemmafollows from thisclaim.

Theproofof thenext lemmais relatively intuitive
andthereforeomitted.

Lemma 2 For any � -GMTG u , thereexistsaprop-
erly synchronous � -GMTG u O such that � � u O,	+*� � u 	 , q � u9O%	�* �+��� , q � u 	�� �r8 , and � � u9O,	x*
����F � � � u 	 	 .

CombiningLemmas1 and2, wehave

Theorem 2 For any � -GMTG u , there exists
some LCFRS u O with � � u9O,	 * � � u 	 andq � u9O%	 * �+��� , q � u 	�� � 8 such that � � u O,	5*
���
��H � ����F � � � u 	 	 	 .



5 WeakLanguagePreservation Property
GMTGshave theweaklanguagepreservationprop-
erty, which is oneof the de�ning requirementsof
synchronousrewriting systems(Rambow andSatta,
1996). Informally stated,thegenerative capacityof
the classof all componentgrammarsof a GMTG
exactlycorrespondsto theclassof all projectedlan-
guages.In otherwords,the interactionamongdif-
ferentgrammarcomponentsin therewriting process
of GMTG doesnot increasethe generative power
beyond theabove mentionedclass.Thenext result
statesthispropertymoreformally.

Let u be a � -GMTG with productionset w .
For _5i j i � , the j -th component gram-
mar of u , written ����� � � u �Yj 	 , is the 1-GMTG
with productions w!b~* , �'b � � � � ��V�V�V ���PZ � 4w � ��b �* � 	 � � 	U8 . Similarly, the j -th
projected language of � � u 	 is ����� � � � � u 	��Yj 	 *, � b � �����

� 	���V�V�V � ��� Z 	
� 4 � � u 	�� ��� b�	 �*� 	U8 . In general � � ����� � � u �Yj 	 	 �* ����� � � � � u 	��Yj 	 ,
becausecomponent grammars ����� � � u �Yj 	 inter-
act with each other in the rewriting processofu . To give a simple example, consider the 2-
GMTG u with productions

����� 	�� ��� 	
� � ����� 	�� ��� 	
� ,����� 	�� ��� 	
��� �����I-0/ � 3 	�� ��� �p/ � 3 	
� and
����- 	�� ��� 	
� ������ / � 3 	�� ��� / � 3 � 	
� . Then � � u 	 * , ������� 	�� ����� �	� 	
� �
 ]�df8 , andthus ����� � � � � u 	���� 	¤* ,
��� �	� � 
 ]df8 . On the otherhand, � � ����� � � u ��� 	 	¤* ,
��� � � �
 � � ]�df8 . Let �

�
LCFRS	 be theclassof all lan-

guagesgeneratedby LCFRSs. Also let � � / 
 3 and
� � /�
[3 betheclassesof languages� � ����� � � u �  	 	 and
����� � � � � u 	��  	 	 , respectively, for every �|] _ , ev-
ery � -GMTG u andevery

 
with _Si  i � .

Theorem 3 � � / 
 3 * �
� ������� � 	 and � � /�
f3 *

�
� �������

� 	 .
Proof. The � casesdirectly follow from Theo-
rem1.

Let u besome� -GMTG andlet
 

beaninteger
suchthat _ i  i � . It is not dif�cult to seethat
���
��H � ����F � � � ����� � � u �  	 	 	 	�*	� � ����� � � u �  	 	 . Hence
� � ����� � � u �  	 	 canbegeneratedby someLCFRS,by
Theorem2.

We now de�ne a LCFRS u O such that
� � u O�	�* ����� � � ���GF � � � u 	 	��  	 	 . Assume u O O}*� %'& �K% : ��w � � 	 isaproperlysynchronous� -GMTG
generating ����F � � � u 	 	 (Lemma 2). Let uSO¦*� % O& �K%;: ��w O � � � ��	 , where % O& and w O areconstructed
from u O O almost as in the proof of Lemma 1.
The only differenceis in the de�nition of strings
, � � �Yj ��l 	 and the productionrewriting

� � � , speci-
�ed asfollows (we usethesamenotationasin the
proofof Lemma1). , � � �Yj ��l 	L* � O� � O� ����� � O� , where
for each � : (i)

� O� * ���
if
���e4 %[: and j *  

;

(ii)
� O� * �

if
��� 4 %[: and j �*  

; (iii)
� O� * + 1�� �

if
���{4 ) � % & 	 , with 6 , � asin the original proof.

Finally, the productionrewriting
� � � hasthe form� � � � $ � � ��� ��_ ��	 , where

$ �0/ + � � �0+ �
� ��V�V�V
�0+ � Z 1 	=*/ + � � + �
�!����� + � Z 1 . To concludethe proof, notethat
����� � � � � u 	��  	 	 and ����� � � ����F � � � u 	 	��  	 	 candiffer
only with respectto string � . Thetheoremthenfol-
lows from the fact that LCFRSis closedunderin-
tersectionwith regularlanguages(Weir, 1988).

6 GeneralizedChomsky Normal Form
Certainkindsof text analysisrequireagrammarin a
convenientnormalform. Theprototypicalexample
for CFGis Chomsky NormalForm(CNF),which is
requiredfor CKY-styleparsing. A � -GMTG is in
GeneralizedChomsky Normal Form (GCNF)if it
hasno uselesslinks or uselessterminals,andevery
productionis in oneof two forms:

(i) A nonterminal production hasrank = 2 and
no terminalsor

�
's on theRHS.

(ii) A terminal production hasexactly onecom-
ponentof theform

- � �
, where

-x4 % & and� 4 %;: . Theothercomponentsareinactive.

Thealgorithmto convert a GMTG to GCNFhas
thefollowing steps:(1) adda new start-symbol(2)
isolateterminals,(3) binarizeproductions,(4) re-
move

�
's, (5) eliminateuselesslinks andterminals,

and (6) eliminateunit productions. The stepsare
generalizationsof thosepresentedby Hopcroftetal.
(2001)to the multidimensionalcasewith disconti-
nuities.Theorderingof thesestepsis important,as
somestepscanrestoreconditionsthat otherselim-
inate. Traditionally, the terminal isolation andbi-
narizationstepscamelast,but thealternative order
reducesthenumberof productionsthatcanbecre-
atedduring

�
-elimination.Steps(1), (2), (5) and(6)

arethe samefor CFG andGMTG, except that the
notionof nonterminalin CFGis replacedwith links
in GMTG. Somecomplicationsarise,however, in
thegeneralizationof steps(3) and(4).

6.1 Step3: Binarize

Thethird stepof convertingto GCNFis binarization
of theproductions,makingtherankof thegrammar
two. For  ¤]od and

# ] _ , wewrite D-GMTG
/ 2 3� to

representtheclassof all � -GMTGswith rank  and
fan-out

#
. A CFGcanalwaysbebinarizedinto an-

otherCFG:two adjacentnonterminalsarereplaced
with a singlenonterminalthatyields them. In con-
trast,it canbeimpossibleto binarizea � -GMTG

/ 2 3�
into an equivalent � -GMTG� � . From resultspre-
sentedby Rambow andSatta(1999)it follows that,



�
(S)
(S)� �

� �
N �PatV �wentP(homeA )early 	�

P(damoyN �PatA )ranoV �pashol 	 �
Pat went home early

damoy

Pat

rano

pashol

Figure 1: A productionthat requiresan increased
fan-outto binarize,andits 2D illustration.

for every fan-out
# ] � and rank  ]�� , there

aresomeindex orderingsthat canbe generatedby
� -GMTG

/ 2 3� but not � -GMTG
/ 2 
 � 3� . The distin-

guishing characteristicof such index orderingsis
apparentin Figure1, which shows a productionin
a grammarwith fan-outtwo, anda graphthat illus-
trateswhich nonterminalsare coindexed. No two
nonterminalsare adjacentin both components,so
replacingany two nonterminalswith a singlenon-
terminalcausesa discontinuity. Increasingthefan-
out of the grammarallows a singlenonterminalto
rewrite as non-adjacentnonterminalsin the same
string. Increasingthefan-outcanbenecessaryeven
for binarizinga1-GMTGproductionsuchas:

���
S,S	
� � ���

N � V � P( A ) � P( N � A ) V � 	
� (25)

To binarize, we nondeterministicallysplit each
nonterminalproduction��� of rank  � � into two
nonterminalproductions� � and� � of rank

�  , but
possiblywith higher fan-out. Sincethis algorithm
replaces with two productionsthathave rank

�  ,
recursively applyingthealgorithmto productionsof
rank greaterthan two will reducethe rank of the
grammarto two. Thealgorithmfollows:

(i) Nondeterministicallychose 
 links to be re-
movedfrom � � andreplacedwith a singlelink
to make � � , where �}i 
 i  � _ . We call
theselinks them-links.

(ii) Createa new ITV B . Two nonterminalsare
neighbors if they are adjacentin the same
stringin a productionRHS.For eachsetof m-
link neighborsin component

 
in � � , placethat

setof neighborsinto the
 
' th componentof B

in the order in which they appearedin � � , so
thateachsetof neighborsbecomesa different
string,for _Si  i � .

(iii) Createa new uniquenonterminal,say
4

, and
replaceeachsetof neighborsin production� �
with

4
, to create� � . The production � � is� 4 ��V�V�V�� 4 � � B

For example,binarizationof theproductionsfor the
English/Russianmultitext [(Pat wenthomeearly),
(damoyPat ranopashol)]6 in Figure1 requiresthat
weincreasethefan-outof thelanguageto three.The
binarizedproductionsareasfollows:� �

S	�
S	 � �

� �
N �PatVP� 	�

VP� N �PatVP� 	 � (26)� �
VP	�

VP � VP	 � �
� �

V � A �early 	�
V � � A �ranoV � 	 � (27)� �

V 	�
V � V 	�� �

� �
V �wentP�home 	�

P�damoy � V �pashol 	�� (28)

6.2 Step4: Eliminate
�
' s

Grammars in GCNF cannot have
�
's in their

productions. Thus, GCNF is a more restrictive
normal form than thoseusedby Wu (1997) and
Melamed(2003). The absenceof

�
's simpli�es

parsersfor GMTG (Melamed, 2004). Given a
GMTG u with

�
in some productions,we give

the construction of a weakly equivalent gram-
mar u9O without any

�
's. First, determine all

nullable links and associatedstrings in u . A
link � * ����-

� ��V�V�V�� - � 	���V�V�V
� ��- Z ��V�V�V
� - Z 	
�
is nullable if � <� B , where B *��� y � � ��V�V�V
�Uy ��WYX 	���V�V�V
� � y�Z � ��V�V�V
�Uy�Z W�\ 	
� is an
ITV whereat leastone y�bhg is

�
. We say the link

� is nullable and the string at address
�� ��a 	 in

� is nullable. For eachnullable link, we create
� � versionsof the link, where 
 is the numberof
nullablestringsof thatlink. Thereis oneversionfor
eachof the possiblecombinationsof the nullable
stringsbeingpresentor absent.Theversionof the
link with all stringspresentis its original version.
Eachnon-originalversionof thelink (exceptin the
caseof startlinks) getsa uniquesubscript,which is
appliedto all the nonterminalsin the link, so that
eachlink is uniquein the grammar. We construct
a new grammar u O whoseset of productions w O
is determinedas follows: for eachproduction,we
identify the nullablelinks on the RHS andreplace
them with each combinationof the non-original
versionsfound earlier. If a string is left empty
duringthis process,thatstringis removedfrom the
RHS andthe fan-outof the productioncomponent
is reducedby one.Thelink on theLHS is replaced
with its appropriatematching non-original link.
There is one exception to the replacements.If a
productionconsistsof all nullable strings,do not
includethis case.Lastly, we remove all stringson
the RHS of productionsthat have

�
's, and reduce

the fan-outof the productionsaccordingly. Once

6The Russian is topicalized but grammatically correct.



again,wereplacetheLHS link with theappropriate
version.

Considertheexamplegrammar:

����� 	�� ��� 	
��� ����- � 4 � - � 	�� �54 � - � 	
� (29)����- � - 	�� ��- 	
� � ����� � 4 � 	�� �54 � 	
� (30)���54 	�� �54 	
��� ����� 	�� ��� 	
� (31)���54 	�� �54 	
��� ����� 	�� ��� � 	
� (32)

We �rst identify which links are nullable. In this
case

����- � - 	�� ��- 	
� and
���54 	�� �54 	
� arenullablesowe

createa new versionof both links:
����-

� �
-
� 	��

� 	
�
and

���54
� 	��

� 	
� . We thenalter theproductions.Pro-
duction(31) getsreplacedby (40). A new produc-
tion basedon (30) is Production(38). Lastly, Pro-
duction(29) hastwo nullablestringson the RHS,
soit getsalteredto addthreenew productions,(34),
(35)and(36). Thealteredsetof productionsarethe
following:

����� 	�� ��� 	
� � ����- � 4 � - � 	�� �54 � - � 	
� (33)����� 	�� ��� 	
� � ����- � 4 ��
- � 	�� ��- � 	
� (34)����� 	�� ��� 	
� � ����- ��

4 � - �� 	�� �54 � 	
� (35)����� 	�� � 	
� � ����- ��
4 ��

- �� 	�� � 	
� (36)��- � - 	�� ��- 	
� � ����� � 4 � 	�� �54 � 	 (37)����-
� �

-
� 	��

� 	
��� ����� � 4 �� 	��
� 	
� (38)���54 	�� �54 	
��� ����� 	�� ��� � 	
� (39)���54

� 	��
� 	
��� ����� 	�� � 	
� (40)

Melamedet al. (2004) give more detailsabout
conversionto GCNF, aswell asthefull proofof our
�nal theorem:

Theorem 4 For each GMTG u there exists a
GMTG u O in GCNFgenerating thesamesetof mul-
titextsas u but with each

��� 	 componentin a multi-
text replacedby

� 	 .
7 Conclusions

GeneralizedMultitext Grammaris aconvenientand
intuitive model of parallel text. In this paper, we
have presentedsomeformal propertiesof GMTG,
including proofs that the generative capacity of
GMTG is comparableto ordinaryLCFRS,andthat
GMTG hasthe weak languagepreservation prop-
erty. We alsoproposeda synchronousgeneraliza-
tion of Chomsky NormalForm, laying the founda-
tion for synchronousCKY parsingunderGMTG.In
futurework, we shallexploretheempiricalproper-
tiesof GMTG,by inducingstochasticGMTGsfrom
realmultitexts.
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